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EQUILIBRIUM STATES FOR NATURAL EXTENSIONS OF
NON-UNIFORMLY EXPANDING LOCAL HOMEOMORPHISMS
TODD FISHER AND KRERLEY OLIVEIRA
Abstract. We examine uniqueness of equilibrium states for the natural exten-
sion of a topologically exact, non-uniformly expanding, local homeomorphism
with a Ho¨lder continuous potential function. We do this by applying general
techniques developed by Climenhaga and Thompson, and show there is a nat-
ural condition on decompositions that guarantees that a unique equilibrium
state exists. We then show how to apply these results to partially hyperbolic
attractors.
1. Introduction
For a dynamical system f : X → X , where f is continuous and X is a compact
metric space, and a continuous potential function ϕ : X → R, the topological
pressure is P (ϕ; f) = supµ(hµ(f)+
∫
ϕdµ) where the supremum is taken over all f -
invariant Borel probability measures. An f -invariant Borel probability measure that
achieves the supremum is an equilibrium state. When ϕ = 0 then the topological
pressure is simply the entropy, and an equilibrium state is a measure of maximal
entropy. A core question in thermodynamic formalism is when there is a unique
equilibrium state for (X, f) and ϕ.
Bowen [2] proved that a homeomorphism of a compact metric space has a unique
equilibrium state provided the system satisfies two conditions (expansivity and
specification), and the potential function satisfies a dynamical bounded variation
property, that is now referred to as the Bowen property. This result can be applied
if f : M → M is a diffeomorphism, Λ ⊂ M is a compact f -invariant hyperbolic
basic set, and ϕ : M → R is Ho¨lder continuous; so there is a unique equilibrium
state for f |Λ and ϕ|Λ.
For diffeomorphisms there are a number of results outside of the uniformly hy-
perbolic setting. Climenhaga and Thompson recently extended Bowen’s techniques
to a nonuniform version [5, 9], and these results have been applied for weak forms
of hyperbolicity [6, 7]. Using other techniques there are a number of results for
certain weak forms of hyperbolicity [4, 8, 10, 17].
Sarig [19] developed new symbolic tools for C1+α diffeomorphisms of surfaces
with positive topological entropy using countable Markov chains. Buzzi, Crovisier,
and Sarig [3] then proved uniqueness of maximal entropy measures for transitive
C∞ surface diffeomorphisms with positive topological entropy. Adapting these
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techniques Obata [13] recently proved for sufficiently large parameters the standard
map has a unique measure of maximal entropy.
For continuous surjective maps of a compact metric space there are similarly a
number of results on the existence and uniqueness of equilibrium states. Walters
[22] investigated properties of equilibrium states for uniformly expanding maps that
are local homeomorphisms; his techniques use the transfer operator.
There are a number of results on existence and uniqueness of equilibrium states
for non-uniformly expanding local homeomorphisms of a compact metric space; see
for instance [14, 18, 20]. Similar to the results in [22] these results use the transfer
operator. Ramos and Viana [18] show there is a condition, related to non-uniform
hyperbolicity, such that if the potential is Ho¨lder continuous and satisfies this con-
dition, then there are finitely many ergodic equilibrium states for the potential.
Furthermore, they prove if the non-uniformly expanding map is topologically ex-
act, then the equilibrium state is unique.
We examine the natural extension of a topologically exact local homeomorphism
and obtain a condition that guarantees a unique equilibrium state. We use the
results of Climenhaga and Thompson [9] to establish the existence and uniqueness
of equilibrium states for the natural extensions. The main idea is that if there are
‘enough’ points (in terms of pressure) with expansivity and specification, and the
potential function has the Bowen property on these points, then there is a unique
equilibrium state.
Our main result result (Theorem 4.1) shows that if there is a decomposition
of orbit segments, as defined in Section 2, where the ‘bad’ orbit segments for a
parameter σ (representing hyperbolicity by σ) have pressure less than the overall
pressure of the system, then there is a unique equilibrium state.
This work is an extension of [11], where we examined unique equilibrium states
for certain partially hyperbolic attractors that are topologically conjugate to natural
extensions of a non-uniformly expanding local diffeomorphism. Theorem 5.1 is an
extension of Theorem 4.1 for smooth systems, and the results in [11] satisfy the
hypotheses of 5.1 and give applications where this theorem can be applied.
2. Background
In this section we review the results of Climenhaga and Thompson in [9] that
we will use to establish the uniqueness of equilibrium states.
2.1. Pressure. Let f : X → X be a continuous map on a compact metric space.
We identify X×N with the space of finite orbit segments by identifying (x, n) with
(x, f(x), . . . , fn−1(x)).
Given a continuous potential function ϕ : X → R, write
Snϕ(x) = S
f
nϕ(x) =
n−1∑
k=0
ϕ(fk(x)).
The nth Bowen metric associated to f is defined by
dn(x, y) = max{d(f
k(x), fk(y)) : 0 ≤ k < n}.
Given x ∈ X , ǫ > 0, and n ∈ N, the Bowen ball of order n with center x and radius
ǫ is Γnǫ (x) = {y ∈M : dn(x, y) < ǫ}. A set E ⊂M is (n, ǫ)-separated if dn(x, y) ≥ ǫ
for all x, y ∈ E.
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Given D ⊂ X × N, we interpret D as a collection of orbit segments. Write
Dn = {x ∈ X : (x, n) ∈ D} for the set of initial points of orbits of length n in D.
Then we consider the partition sum
Λsepn (D, ϕ, ǫ; f) = sup
{∑
x∈E
eSnϕ(x) : E ⊂ Dn is (n, ǫ)-separated
}
.
The pressure of ϕ on D at scale ǫ is
P (D, ϕ, ǫ; f) = lim
n→∞
1
n
log Λsepn (D, ϕ, ǫ),
and the pressure of ϕ on D is
P (D, ϕ; f) = lim
ǫ→0
P (D, ϕ, ǫ).
Given Z ⊂ X , let P (Z,ϕ, ǫ; f) := P (Z × N, ϕ, ǫ; f); observe that P (Z,ϕ; f)
denotes the usual upper capacity pressure [15]. We often write P (ϕ) in place of
P (X,ϕ; f) for the pressure of the whole space. When ϕ = 0, our definition gives
the entropy of D:
(1) h(D, ǫ; f) = h(D, ǫ) := P (D, 0, ǫ) and h(D) = lim
ǫ→0
h(D, ǫ).
WriteM(f) for the set of f -invariant Borel probability measures andMe(f) for
the set of ergodic measures in M(f). The variational principle for pressure [21,
Theorem 10.4.1] states that
P (ϕ) = sup
µ∈M(f)
{
hµ(f) +
∫
ϕdµ
}
= sup
µ∈Me(f)
{
hµ(f) +
∫
ϕdµ
}
.
2.2. Obstructions to expansivity, specification, and regularity. We recall
definitions and results from [9], which show that non-uniform versions of Bowen
result in [2] suffice to prove uniqueness.
Given a map f : X → X , the infinite Bowen ball around x ∈ X of size ǫ > 0 is
the set
Γ+ǫ (x) := {y ∈ X : d(f
k(x), fk(y)) < ǫ for all n ≥ 0}.
If there exists ǫ > 0 for which Γ+ǫ (x) = {x} for all x ∈ X , we say (X, f) is expanding.
For f : X → X a homeomorphism, the bi-infinite Bowen ball around x ∈ X of size
ǫ > 0 is the set
Γǫ(x) := {y ∈ X : d(f
k(x), fk(y)) < ǫ for all n ∈ Z}.
If there exists ǫ > 0 for which Γǫ(x) = {x} for all x ∈ X , we say (X, f) is expansive.
Definition 2.1. For f : X → X a homeomorphism the set of non-expansive points
at scale ǫ is NE(ǫ) := {x ∈ X : Γǫ(x) 6= {x}}. An f -invariant measure µ is
almost expansive at scale ǫ if µ(NE(ǫ)) = 0. Given a potential ϕ, the pressure of
obstructions to expansivity at scale ǫ is
P⊥exp(ϕ, ǫ) = sup
µ∈Me(f)
{
hµ(f) +
∫
ϕdµ : µ(NE(ǫ)) > 0
}
= sup
µ∈Me(f)
{
hµ(f) +
∫
ϕdµ : µ(NE(ǫ)) = 1
}
.
This is monotonic in ǫ, so we can define a scale-free quantity by
P⊥exp(ϕ) = lim
ǫ→0
P⊥exp(ϕ, ǫ).
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Definition 2.2. A collection of orbit segments G ⊂ X×N has the (W)-specification
at scale ǫ if there exists τ ∈ N and k0 such that for every {(xj , nj) : 1 ≤ j ≤ k} ⊂ G
with nj > k0, there is a sequence of ‘gluing times’ τ1, . . . , τk−1 ∈ N with τi ≤ τ for
all 1 ≤ i ≤ k−1 and a point x such that for sj =
∑j
i=1 nj+
∑j−1
i=1 τi and s0 = τ0 = 0
we have
dnj (f
sj−1+τj−1(x), xj) < ǫ for every 1 ≤ j ≤ k.
The above definition says that there is some point x whose trajectory stays ǫ
close to each of the (xi, ni) in turn, taking a transition time of τi ≤ τ between each
one. We note that specification is related to, but distinct from, shadowing.
Definition 2.3. Given G ⊂ X ×N, a potential ϕ has the Bowen property on G at
scale ǫ if
V (G, ϕ, ǫ) := sup{|Snϕ(x) − Snϕ(y)| : (x, n) ∈ G, y ∈ Bn(x, ǫ)} <∞.
We say ϕ has the Bowen property on G if there exists ǫ > 0 so that ϕ has the
Bowen property on G at scale ǫ.
Note that if G has the Bowen property at scale ǫ, then it has it for all smaller
scales.
2.3. General results on uniqueness of equilibrium states. Our main tool for
existence and uniqueness of equilibrium states is [9, Theorem 5.5]. Before stating
this result we need the next definition.
Definition 2.4. A decomposition for (X, f) consists of three collections P ,G,S ⊂
X × (N ∪ {0}) and three functions p, g, s : X × N → N ∪ {0} such that for every
(x, n) ∈ X × N, the values p = p(x, n), g = g(x, n), and s = s(x, n) satisfy n =
p+ g + s, and
(2) (x, p) ∈ P , (fp(x), g) ∈ G, (fp+g(x), s) ∈ S.
Note that the symbol (x, 0) denotes the empty set, and the functions p, g, s are
permitted to take the value zero.
Theorem 2.5 (Theorem 5.5 of [9]). Let X be a compact metric space and f : X →
X a homeomorphism. Let ϕ : X → R be a continuous potential function. Suppose
that P⊥exp(ϕ) < P (ϕ), and that (X, f) admits a decomposition (P ,G,S) with the
following properties:
(1) G has (W)-specification at any scale;
(2) ϕ has the Bowen property on G;
(3) P (P ∪ S, ϕ) < P (ϕ).
Then there is a unique equilibrium state for ϕ.
3. Decompositions for nonuniformly expanding local homeomorphisms
We first describe the class of maps we want to investigate. Let (X, dX) be a
compact metric space and g : X → X a local homeomorphism. Suppose that
every inverse branch g−1 is locally Lipschitz continuous; so there exists a bounded
function σ : X → R+ such that for each x ∈ X there exists a neighborhood Ux of
x such that gx := g|Ux : Ux → g(Ux) is inveritble and for all y, z ∈ g(Ux) we have
dX(g
−1
x (y), g
−1
x (z)) ≤ σ(x)dX (y, z).
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We assume there exists some ǫ0 > 0 such that for all x ∈ X we have Bǫ0(x) ⊂ Ux
and Bǫ0(g(x)) ⊂ g(Ux). We also assume that g is topologically exact, meaning for
each open set U ⊂ X there exists some N such that gN (U) = X .
Although we will need to look at a decomposition on the natural extension
we first describe a decomposition for the local homeomorphism g and prove some
properties for this decomposition and this map. We cannot apply Theorem 2.5 for
the local homeomorphism since the map needs to be a homeomorphism to apply
the theorem. However, the estimates we obtain for the local homeomorphism will
be used for the natural extension in the next section.
Let σ ∈ (0, 1), n ∈ N, and j ∈ {0, ..., n− 1} be fixed. Define
(3) Σj,nσ = {x ∈ X :
1
n− j
n−1∑
i=j
log σ(gix) < log σ}.
The next lemma now follows from the expansion estimates for points in Σ0,nσ .
Lemma 3.1. If there exists a sequence nk → ∞ such that x ∈ Σ
0,nk
σ for each k,
then Γ+ǫ (x) = {x} for ǫ ≤ ǫ0.
Proof. Let ǫ ≤ ǫ0, y ∈ Γ
+
ǫ (x), and nk ∈ N such that x ∈ Σ
0,nk
σ . This implies that
d(x, y) ≤ σnkǫ0. Now as there is a sequence of nk →∞ such that x ∈ Σ
0,nk
σ we see
that d(x, y) = 0 and Γ+ǫ (x) = {x}. 
We now define the decomposition we want.
Gσ = {(x, n) ∈ X × N : x ∈ Σ
j,n
σ ∀ 0 ≤ j ≤ n− 1},
Sσ = {(x, n) ∈ X × N : x /∈ Σ
0,n
σ }.
The collection Gσ is chosen so that there is uniform contraction by σ along the
inverse branch from gnx to x. The definition of the collection of orbits Gσ is inspired
by the analogous notion of hyperbolic times, as in [1].
Remark 3.2. A simple argument shows the following concatenation property of
Gσ: if (x, n) and (f
n(x),m) are in Gσ, then (x, n+m) ∈ Gσ.
We now let (x, n) be an orbit segment and define s to be the smallest integer
where 0 ≤ s ≤ n such that (gsx, n − s) ∈ Sσ. Then one can easily check that
(x, n − s) ∈ Gσ and this defines a decomposition on the orbit segments (where Pσ
and p(x, n) are both trivial).
3.1. Specification. We now show that Gσ has specification for g. The statement
and proof below are modifications of those given by Proposition 3.2 in [11].
Proposition 3.3. Given ǫ ≤ ǫ0 there exist τ = τ(ǫ) such that if {(xj , nj)}
m
j=0 ⊂ Gσ,
then there exists τi ≤ τ for i = 1, . . . , l − 1 and some z ∈ N such that
d(gm(xj), g
m+rj−1(z)) ≤ ǫ,
for 0 ≤ m ≤ nj + k − 1, where r0 = 0 and rj =
∑j
i=1(ni + τi) for each j ≥ 1.
Proof. We first notice that if ǫ ≤ ǫ0, then there exists some τ = τ(ǫ) ∈ N such that
for all y we have gj(Bǫ(y)) = X for some j ≤ τ . This follows from compactness of
X and the fact g is topologically exact.
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Now for {(xj , nj)}
m
j=0 ⊂ Gσ we know there exists a set of points Xm−1 ⊂
Bǫ(g
nm−1(xm−1)) and τm ≤ τ such that g
τm(Xm−1) is the image of Bǫ(g
nm(xm))
by the inverse branch of g−nmgnm (xm).
Similarly, there is a nonempty set Xm−2 ⊂ Bǫ(g
nm−2(xm−2)) and τm−1 ≤ τ such
that gτm−1(Xm−2) is the image of Xm−1 by the inverse branch g
−nm−1
gnm−1(xm−1)
.
Continuing inductively we see that X0 is nonempty and pick z ⊂ X0. By the
uniform contraction along the inverse branches in Gσ we see that z satisfies the
requirements and Gσ has specification at scale ǫ for g.

3.2. Pressure of obstructions to expansivity. From Lemma 3.1 we know that
a point x ∈ X satisfies Γ+ǫ (x) 6= {x} for ǫ ≤ ǫ0 if there exists some K(x) ∈ N such
that 1n
∑n−1
i=0 log σ(g
ix) ≥ log σ, for all n ≥ K(x).
Let
A = {x ∈ X : ∃K(x),
1
n
n−1∑
i=0
log σ(gix) ≥ log σ, ∀n ≥ K(x)}.
So A contains the nonexpansive points of scale ǫ, but may also contain some ex-
pansive points. The next result follows from a modification of the proof of Lemma
3.5 in [6], and will be used to show an upper bound for the pressure of obstructions
to expansivity for the natural extension.
Lemma 3.4. If ϕ : X → R is continuous and µ ∈ Me(g) with µ(A) > 0, then
hµ(g) +
∫
ϕdµ ≤ P (Sσ, ϕ).
Proof. Fix k ∈ N and Ak = {x ∈ A : K(x) ≤ k}. Since µ(
∑
k Ak) > 0 we know
there exists some k such that µ(Ak) > 0. For n > k and x ∈ Ak we see that
(x, n) ∈ Sσ. Then for each δ > 0 we have
Λsepn (Ak, ϕ, δ; g) ≤ Λ
sep
n (Sσ, ϕ, δ; g).
Let η ∈ (0, µ(Ak)) and let
sn(ϕ, δ, µ, η; g) = inf
{∑
x∈E
exp{Sgnϕ(x)} : µ
(⋃
x∈E
Bn(x, δ)
)
≥ η
}
,
where the infimum is over all finite subsets in X . The version of Katok’s entropy
formula for pressure [12] gives
hµ(g) +
∫
ϕdµ = lim
δ→0
lim sup
n→∞
1
n
log sn(ϕ, δ, µ, η; g).
Finally,
sn(ϕ, δ, µ, η; g) ≤ Λ
span
n (Ak, ϕ, δ; g) ≤ Λ
sep
n (Ak, ϕ, δ; g) ≤ Λ
sep
n (Sσ, ϕ, δ; g)
and this implies that
hµ(g) +
∫
ϕdµ ≤ P (Sσ, ϕ) = lim
δ→0
P (Sσ, ϕ, δ).

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4. Equilibrium states for the natural extension
Define the space
Xˆ = {xˆ = (x0, x1, x2, ....) ∈ X
N : g(xi+1) = xi∀i ≥ 0}.
One can define a metric on the space Xˆ in a number of ways. For instance, we can
define a metric on Xˆ by
(4) dˆ
(
xˆ, yˆ) =
∞∑
n=0
a−ndX(xn, yn)
where xˆ = (xn), yˆ = (yn), and a > 1. Given the metric on Xˆ one can then define
functions that are Ho¨lder continuous with respect to the metric, but note that this
class of functions depends on the metric. We will use the above class of metrics in
our arguments.
The natural extension of g is the homeomorphism gˆ : Xˆ → Xˆ defined by
gˆ(xˆ) = gˆ(x0, x1, ...) = (g(x0), x0, x1, ...).
There is a projection map πˆ : Xˆ → X defined by
πˆ(xˆ) = πˆ(x0, x1, x2, ...) = x0
that is a continuous surjective map such that πˆ ◦ gˆ = g ◦ πˆ.
For the natural extension we see that
dX(πˆ(xˆ), πˆ(yˆ)) = dX(x0, y0) ≤ dˆ(xˆ, yˆ).
So πˆ is Lipschitz with constant 1.
We now define a decomposition for orbits in Xˆ. We say (xˆ, n) ∈ Gˆσ if (x0, n) ∈ Gσ
and (xˆ, n) ∈ Sˆσ if (x0, n) ∈ Sσ. Similarly, we define s ∈ {0, ..., n} such that
(xˆ, s) ∈ Gˆσ and (gˆ
s(xˆ), n − s) ∈ Sˆσ if the same is true for the decomposition of
(x0, n).
We are now able to state our main theorem.
Theorem 4.1. Let ϕˆ : Xˆ → R be Ho¨lder continuous and σ ∈ (0, 1). If P (Sˆσ, ϕˆ) <
P (ϕˆ; gˆ), then (Xˆ, gˆ) has a unique equilibrium state for ϕˆ.
We note that in Theorem 1 and 2 of [18] they obtain similar results for the non-
uniformly expanding map g. Here they define the set of non-uniformly hyperbolic
points with hyperbolic constant bounded by σ. The result is that if the pressure
on the complement of these points is less than the pressure of the entire system
than there are finitely many ergodic equilibrium states for any Ho¨lder continuous
potential, and if there is a point with a dense pre-orbit, then the equilibrium state
is unique.
Some differences between the condition in Theorem 4.1 and those in Theorem 1
and 2 of [18] is that we look at the pressure bounded by the orbit segments in Sˆσ for
the decomposition, and not the pressure on an invariant set as in [18]. Additionally,
our results are for the natural extension and not for the system (X, g).
To prove the above result we show that
• Gˆσ has specification for sufficiently small scales,
• Gˆσ has the Bowen property, and
• the pressure of obstructions to expansivity are bounded from above by the
pressure on Sˆσ.
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4.1. Specification. We now show that Gˆσ has specification for sufficiently small
ǫ > 0.
Proposition 4.2. For ǫ ≤ ǫ0 the set Gˆσ has the specification property at scale ǫ
for gˆ.
Proof. Given ǫ > 0, take τ = τ(ǫ/2) as in Proposition 3.3. By the uniform contrac-
tion on the fiber and diam(X) <∞ we know there exists a τs = τs(ǫ/2) such that
for all xˆ ∈ Xˆ with πˆ(xˆ) = x0 there exists some j ≤ τs such that
gˆ−k(πˆ−1(x0)) ⊂ Bǫ/2(gˆ
−k(xˆ)) ∩ πˆ−1(πˆ(gˆ−kxˆ))
for all k ≥ j.
Let τˆ = max{τ(ǫ), τs(ǫ)}. Now arguing as in Proposition 3.3 we can use τˆ and
show that Gˆσ has specification at scale ǫ for gˆ.

4.2. Bowen property. Now, we check that Gˆσ has the Bowen property at any
sufficiently small scale. Observe that given any xˆ, yˆ ∈ Xˆ, by the Ho¨lder continuity
of ϕˆ we know there exist constants C > 0 and α ∈ (0, 1) such that
(5) |Snϕˆ(xˆ)− Snϕˆ(yˆ)| ≤
n−1∑
i=0
Cdˆ(gˆi(xˆ), gˆi(yˆ))α.
If (xˆ, n) ∈ Gˆσ, writing xˆ = (x0, x1, . . . ) and yˆ = (y0, y1, . . . ) ∈ Γ
n
ǫ (xˆ) we know by
the contraction properties of the inverse branches of gk at orbits in Gσ that
d(gk(x0), g
k(y0)) ≤ σ
n−kd(gn(x0), g
n(y0)) ≤ ǫσ
n−k.
Thus, we have that for every 0 ≤ i < n:
d(gˆi(xˆ), gˆi(yˆ)) =
i∑
k=0
d(gk(x0),g
k(y0))
ai−k +
d(xˆ,yˆ)
ai
≤
i∑
k=0
σn−(i−k)ǫ
ak +
ǫ
ai
= ǫ
(
σn−i
(∑i
k=0(
σ
a )
k
)
+ 1ai
)
≤ C(σn−i + 1ai ).
for some constant C depending on ǫ. Using (5) we have
|Snϕˆ(xˆ)− Snϕˆ(yˆ)| ≤
n−1∑
i=0
Cdˆ(gˆi(xˆ), gˆi(yˆ))α
≤
n−1∑
i=0
C(σn−i + 1ai )
α < K,
for some constant K big enough.
4.3. Pressure of obstructions to expansivity. As in Section 3 we know that a
point xˆ ∈ Xˆ satisfies Γǫ(xˆ) 6= {xˆ} for ǫ ≤ ǫ0 implies there exists some K(x0) ∈ N
such that 1n
∑n−1
i=0 log σ(g
ix0) ≥ log σ, ∀n ≥ K(x0).
Let
Aˆ = {xˆ ∈ Xˆ : ∃K(x0),
1
n
n−1∑
i=0
log σ(gix0) ≥ log σ, ∀n ≥ K(x0)}.
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So Aˆ contains the nonexpansive points of scale ǫ, but may be larger. Then as in
Section 3 we can modify the proof of Lemma 3.4 to obtain the next result.
Lemma 4.3. If ϕˆ : Xˆ → R is continuous and µ ∈ Me(gˆ) with µ(Aˆ) > 0, then
hµ(gˆ) +
∫
ϕˆdµ ≤ P (Sˆσ, ϕˆ).
If µ(NE(ǫ)) > 0 for some µ ∈ Me(gˆ), then µ(Aˆ) > 0. So we have the next result.
Theorem 4.4. For ϕˆ : Xˆ → R continuous, P⊥exp(ϕˆ, ǫ) ≤ P (Sˆσ, ϕˆ).
This completes the proof of Theorem 4.1 since the decomposition satisfies the
necessary conditions from Theorem 2.5.
5. Partially hyperbolic attractors
In this section we investigate the situation where (Xˆ, gˆ) is topologically conjugate
to an attractor for a diffeomorphism of a manifold. We will assume that (X, g) is
conjugate to a smooth local diffeomorphism where X is a compact manifold. (This
can be relaxed to the idea of branched manifold X as defined by Williams [23].)
Then σ(x) is related to ‖Dg−1(x)‖.
We assume that attractor is partially hyperbolic where the stable direction is
uniformly contracting, and the attractor is foliated by center-unstable manifolds.
This was the situation investigated in [11].
Let M be a compact manifold and f :M →M a diffeomorphism onto its image
such that there is a continuous surjection π :M → X where
π ◦ f = g ◦ π.
Given y ∈ X we set My = π
−1(y). Therefore, M =
⋃
y∈XMy. Note that f(My) ⊂
Mg(y), each My is compact, and there is a maximum diameter for the sets My.
Assume there exists some λs ∈ (0, 1) such that
d(f(x), f(y)) ≤ λsd(x, y)
for all x, y ∈ Mz and all z ∈ X , and such that λs is less than any contraction for
points in g. So that the My are local stable manifolds.
The set Λ =
⋂∞
n=0 f
n(M) is an attractor and Λ is compact and f -invariant. This
will be a partially hyperbolic attractor. An invariant set Λ for a diffeomorphism
f : M → M is (weakly) partially hyperbolic if there is a Df -invariant splitting
TM = Es ⊕ Ec ⊕ Eu, where at least one of Es or Eu is nontrivial, and constants
N ∈ N, λ > 1 such that for every x ∈ Λ and every unit vector vσ ∈ Eσ for
σ ∈ {s, c, u}, we have
(i) λ‖DfNx v
s‖ < ‖DfNx v
c‖ < λ−1‖DfNx v
u‖, and
(ii) ‖DfNx v
s‖ < λ−1 < λ < ‖DfNx v
u‖.
A partially hyperbolic set for f admits stable and unstable foliations W s and
Wu, which are f -invariant and tangent to Es and Eu, respectively [16, Theorem
4.8]. In our situation there exists a stable foliation and the local stable leaves are
given by the My.
We also need the following fact so that the metric on M is related to the metric
on X . Given x, y ∈ M there exist f -invariant holonomies hπ(x),π(y) : Mπ(x) ∩ Λ→
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Mπ(y) ∩ Λ and a constant C ≥ 1 such that
(6)
1
C [dX(π(x), π(y)) + dM (hπ(x),π(y)(x), y)]
≤ dM (x, y)
≤ C[dX(π(x), π(y)) + dM (hπ(x),π(y)(x), y)]
where dM , and dX are the metrics on M and X respectively. Furthermore, we
assume that the holonomies are invariant for f so that
f(hπ(x),π(y)(z)) = hg(π(x)),g(π(y))f(z).
The attractor Λ can be described as “solenoid-like” and is topologically conjugate
to the natural extension of the system (X, g).
Let g : X → X be a local homeomorphism satisfying the conditions described in
Section 3 and Λ a partially hyperbolic attractor as defined above. Define the map
h : Λ → Xˆ by h(p) = xˆ where f−j(p) ∈ Mxj with xj ∈ X for all j ≥ 0. Then h is
a topological conjugacy from (Λ, f) to (Xˆ, gˆ).
So locally Λ is a product of a neighborhood in X by a Cantor set. This is similar
to the standard construction of the solenoid, sometimes also called the Smale-
Williams attractor [23], as the inverse limit of the doubling map on the circle.
If h−1 is Ho¨lder continuous in the above, then given a function ϕ : Λ → R and
h : Λ→ Xˆ we could define ϕˆ(xˆ) = ϕ(h−1(xˆ)). Then Theorem 4.1 gives conditions
to ensure a unique equilibrium state for ϕˆ and we can show this gives a unique
equilibrium state for ϕ. However, in general it is not clear that h−1 is Ho¨lder, and
so we will modify the arguments from the previous sections to partially hyperbolic
attractors.
We assume the same properties for g : X → X as in Section 3 and define the
same decomposition for g : X → X . As in Section 3 we use the decomposition for g :
X → X to give us a decomposition for orbit segments in Λ. For the decomposition
of Λ we let an orbit segment (y, n) for (Λ, f) be in G¯σ if and only if (π(y), n) ∈ Gσ,
and similarly we let (y, n) ∈ S¯σ for (Λ, f) if and only if (π(y), n) ∈ Sσ. We also
define the decomposition of an orbit segment (x, n) by the decomposition of the
image of the orbit segment for (π(x), n).
We note that for a partially hyperbolic attractor the stable manifolds vary Ho¨lder
continuously so the map π is Ho¨lder continuous. The next result is similar to
Theorem 4.1.
Theorem 5.1. Let ϕ : Λ → R be a Ho¨lder continuous potential function. If there
exists some σ ∈ (0, 1) such that P (S¯σ, ϕ) < P (ϕ; f |Λ), then there exists a unique
equilibrium state for (Λ, f) associated with ϕ.
Proof. We first prove the Bowen property for the orbit segments in G¯σ; to do this
we modify the arguments from Section 4.2. Given any x¯, y¯ ∈ Λ, by the Ho¨lder
continuity of ϕ we know there exist constants C0 > 0 and α ∈ (0, 1) such that
(7) |Snϕ(x¯)− Snϕ(y¯)| ≤
n−1∑
i=0
C0dM (f
i(x¯), f i(y¯))α.
If (x¯, n) ∈ G¯σ and y¯ ∈ Γ
n
ǫ (x¯) we know by the contraction properties of the inverse
branches of g at orbits in Gσ that
dX(g
k(π(x¯)), gk(π(y¯))) ≤ Cǫσn−k
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where C is from (6). Thus, from the above and (6) we have that for every 0 ≤ i < n:
dM (f
i(x¯), f i(y¯)) ≤ ǫσn−i + λiǫ.
Using (7) we have
|Snϕ(x¯)− Snϕ(y¯)| ≤
n−1∑
i=0
C0dM (f
i(x¯), f i(y¯))α
≤
n−1∑
i=0
C0(ǫσ
n−i + λiǫ)α
≤
∑n−1
i=0 C0ǫ
α(σn−i + λi) < K,
for some constant K big enough.
We can modify the proof of Lemma 3.4 to show that P⊥exp(ϕ; f |Λ) ≤ P (S¯σ, ϕ) <
P (ϕ; f |Λ). This follows since the partially hyperbolic attractor is uniformly con-
tracting in the stable direction, so the non-expansive points are distinguished by
the the projection.
Lastly, we see that we can modify Proposition 4.2 to show that G¯σ has specifica-
tion for sufficiently small scales. Given ǫ > 0, take τ as in Proposition 3.3. By the
uniform contraction on the fiber and maxy∈Λ diam(My) <∞ we know there exists
a τs such that for all x ∈ Λ there exists some j ≤ τs such that
f−k(Mx) ⊂ Bǫ/2(f
−k(x)) ∩Mf−k(x))
for all k ≥ j.
Let τ¯ = max{τ, τs}. Now arguing as in Proposition 3.3 we can use τ¯ as the
transition time and show that G¯σ has specification at scale ǫ for f .
We now have a decomposition with specification and the Bowen property, and
the pressure of obstructions is less than the pressure of f restricted to Λ. From
Theorem 2.5 we see that there is a unique equilibrium state. 
For applications to the above theorem we note that the results in [11] satisfy the
hypotheses of Theorem 5.1.
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